Abstract-We report on our investigation of an industrial case study of a system distributed over a network, namely a large-scale hydraulic network which underlies a district heating system. The network comprises an arbitrarily large number of end-users and actuators distributed along the network. After introducing the model for such a class of networks, we show how to achieve practical pressure regulation at all the end-users by proportional controllers which use local information only. In the analysis, the presence of positivity constraints on the actuators (centrifugal pumps) is explicitly taken into account. The findings are supported by experimental results.
I. INTRODUCTION
We report on our investigation of an industrial case study of a system distributed over a network, namely a large-scale hydraulic network which underlies a district heating system with an arbitrary number of end-users. This research is part of a more general project (the Plug & Play Process Control Project) whose goals are to investigate control laws for industrial processes which can easily reconfigure when new sensors, actuators or components are added to an existing control system.
The problem we consider consists of regulating the pressure at the end-users to a constant value despite the unknown demands of the users themselves. The regulation problem is addressed for a new generation of district heating systems, where pumps are distributed across the network at the endusers. The presence of multiple pumps in the network allows the diameter of the pipes to be reduced with a significant reduction of heat losses ( [2] ). Besides the reduced heat losses, the multi-pump approach makes the network robust to the failure of one or more pumps. However, this issue is not considered in the paper. We do not take into account the problem of damping fast pressure transients due to water hammering, as this problem is not to be handled by our controller, but by well-placed passive dampers in the network. Preliminary results on the case study have appeared in [6] , where the problem was considered for a network with two end-users. The controllers we proposed were able to guarantee the desired control objective and positive flows throughout the network.
There is a large number of works devoted to largescale hydraulic networks, and more in particular to water supply systems. Hydraulic networks have however received relatively less attention from the control community. A recent paper with an extended bibliography on the modeling and control of hydraulic networks is [3] (see also [1] and [14] ), in which the emphasis is on open hydraulic networks and modeling and control techniques essentially deal with linear systems. A nonlinear model of flow networks close to the one presented in this paper is considered in [13] . The two papers, however, differ in many respects. For instance, while in [13] nonlinear adaptive controllers are proposed, here the focus is on simple controllers which are robust to parametric uncertainty and require a little knowledge of the model of the system.
In this paper, we derive the dynamic model for a general class of hydraulic networks with an arbitrary number of end-users. The controller we propose for each end-user pump is a proportional controller which uses information available at the end-user only (plus possibly information coming from the so-called boosting pumps). The kind of solution we present is in the spirit of the Plug & Play Process Control project since we expect that the addition of new components to the system (due, for instance, to the addition of new end-users in the district heating system) can be easily handled by the designed controllers. In the hydraulic systems we consider, centrifugal pumps are used, which can only provide a positive pressure. In the analysis, we explicitly take into account the positivity constraint on the control action. Finally, we present experimental validation of our results for a laboratory implementation of a system similar to the one investigated in [6] .
In Section II, the class of hydraulic networks of interest in this paper is introduced and the model is derived. In Section III, the pressure regulation problem is formulated, and a solution is proposed and analyzed. Experimental results are discussed in Section IV. Conclusions are given in Section V.
II. MODEL

A. Hydraulic networks
Hydraulic networks are connections of two-terminal components such as valves, pipes and pumps (the symbols for valves, pipes, and pumps are depicted in Fig. 1 ). These components are characterized by algebraic or dynamic relationships between two variables, the pressure drop ∆h = h i − h j across the element, and the flow q flowing through the component. These relationships are introduced below.
1) Valves:
The valves are normally viewed as pipe fittings. They can be modeled by a relationship between the pressure drop across the valve and the flow through it ( [15] ). That is,
where h i − h j is the pressure across the terminals of the valve, q k is the flow through the valve, and K vk is a variable denoting the change of hydraulic resistance of the valve. Moreover, µ k is supposed to be a smooth function which is strictly monotone increasing (except possibly at the origin, where it is continuously differentiable) and satisfies
In what follows, it will be useful to distinguish between valves in which the hydraulic resistance remains constant for all the times, and those in which K vk ranges over a compact set of values. We shall refer to these valves as user-operated or, more simply, user valves.
2) Pipe: The relationship describing the pipe is derived under the assumption that the flow is uniformly distributed along a cross section of the pipe, and that the flow is turbulent. If this is the case, the model for the kth pipe is the following:
where h i − h j is the pressure along the pipe, q k is the flow through the pipe, J k and K pk are constant parameters of the component, and λ k s are smooth functions of their arguments with the same properties of the functions µ k s. This allows us to consider e.g. the case in which flow through the pipes is not turbulent [15] 1 . 3) Pump model: Models for pumps are derived in [12] . In this paper, we regard the pump as a device which is able to deliver a desired pressure difference h j − h i , no matter what the value of the flow q flowing through the pump is. Let the pressure delivered by the pump be denoted as
The pressure difference ∆h pk delivered by the pump is viewed as a control input (see Subsection II-B).
B. Model derivation
In what follows we derive a model for a hydraulic network introduced above. Our derivation is based on graphtheoretic arguments employed in circuit theory (cf. e.g. [9] ). We exploit the well-known analogy between electrical and hydraulic circuits, and replace voltages and currents with, respectively, pressures and flows. Then, valves and pipes can be seen as the hydraulic analogue of (nonlinear) resistors and, respectively, inductors. Observe, however, that the pipe equation presents a drift term (see (2)) which is not generally present in inductors. Below basic facts about circuit theory are recalled. Although standard, they are useful to understand the derivation. Networks are a collection of components which connect to the other components of the network through their two terminals. One can then associate to each terminal in the network a node and to each component an edge connecting the nodes, thus obtaining a graph. Let a and, respectively, b be the number of nodes and edges of the graph. A flow and a pressure is connected to each edge of the graph. For each edge, a reference direction is also arbitrarily specified ( [9] , p. 3), and hence the graph is a directed graph. Then, the flow through an edge is positive if it flows following the direction of the edge, negative otherwise. The set of flows and pressures in the network must fulfill the well-known Kirchhoff's node and, respectively, loop laws. As a first step towards the derivation of a model for the network, a set of independent state variables (that is a set of flow variables which can be set independently without violating the Kirchhoff's node law) is identified. To this end, let T the maximal or spanning tree of the graph, i.e. a connected subgraph which does not contain any cycle and contains all the nodes of the graph ( [9] , p. 477). The number of edges of T is a − 1.B yd e finition, adding to T any edge of the graph not contained in T ,i . e .achord of T , a cycle is obtained. We call the cycles obtained in this way fundamental cycles or loops, and we denote them by L i , with i =1, 2,...,n,andn = b−a+1 the number of fundamental loops. Let G be the set of chords. It can be shown that the flows q i through the chords in G form indeed a complete set of independent variables. Each fundamental loop has a reference direction given by the direction of the chord which defines the loop. Along any fundamental loop of the circuit Kirchhoff's voltage law holds, that is B∆h =0 ,w h e r eB is an n × b matrix called fundamental loop matrix such that ( [9] , p. 481)
and ∆h is the vector of pressure drops across the b components of the network. Since the control problem to be introduced below concerns the regulation of pressure across valves at the end-users (i.e. user valves), and therefore of the flows through them, it is natural to choose as state variables the flows at the user valves. This motivates us to introduce the following assumption.
Assumption 1: Each user valve is in series with a pipe and a pump, see Fig. 2 . Moreover, each chord in G corresponds to a pipe in series with a user valve.
Remark. As already mentioned, the control objective is to regulate valve pressures at the n end-users. It is therefore quite natural to assume that there are n independent controllers, namely the (so-called service pipe) pumps in series with the valves. This is what is actually encountered in practice.
Let each component of the network be denoted by the symbol c i , with i =1, 2,...,b. Without loss of generality, we shall assume that the first n = b − a+1 components correspond to chords of the graph, i.e. to user-pipes. The remaining a − 1 components (pipes, pumps and valves) correspond to edges of the tree. Each fundamental loop L i comprises a certain number of components, and can therefore be described by the sequence
Again without loss of generality, we shall assume for each i =1 , 2,...,n that the chord of the fundamental loop L i coincide with the component c i of the network, that is j i1 = i. With this choice, the fundamental loop matrix takes the form
with F a suitable n × (a − 1) matrix of −1, 0, 1. Finally, we recall that using Kirchhoff's current law it is possible to establish the relation q = B T q f ([9] p.482), where q ∈ R b is the vector of the flows through each edge in the graph and q f ∈ R n is the vector of the flows through the chords in G [9] . The elements of q f are called the free flows of the system and are independent variables.
The following result shows the structure of the dynamic model representing networks fulfilling Assumption 1.
Proposition 1: Any hydraulic network satisfying Assumption 1 is described by the model
with q f ∈ R n ,ũ ∈ R n a vector of n independent inputs, J = J T > 0 an n × n matrix, and
T ∈ R b be the vectors of, respectively, the flows and the pressure drops of each edge in the graph. In particular, since q f and ∆h f are the vectors of the flows through and, respectively, of the pressure drops across each chord in G, the vectors q g and ∆h g denote flows and pressure drops in the edges of the graph which are not chords. Without loss of generality it is assumed that the first n elements in q g correspond to the flows through the pumps at the end-users.
Each component i =1 , 2,...,b of the network obeys the equation
where, if: (a) the ith component is a pump we have J i =0, λ i =0,a n dµ i =0 ; (b) it is a pipe, µ i =0and ∆h pi =0; (c) it is a valve we have J i =0, λ i =0,a n d∆h pi =0.W e can then collect together each component model to obtain
where
T . Exploiting the identities B∆h =0and q = B T q f into (4), we obtain the following model
which we rewrite as
,a n dũ = B∆h p , a model with the same structure of (3) is obtained. To complete the proof we need to show that J = J T > 0,t h a t f is a smooth vector field, and thatũ = B∆h p implies that eachũ i can be controlled independently using one (and only one) of the pressure pumps at the end-users, i.e. using ∆h pj for some j ∈{n +1,...,2n}.
We start by showing that J = J T > 0. Observe that J can be written as
, ··· ,J b }. As both J f and J g are diagonal, the matrix J is symmetric. Since all the components corresponding to a chord in G are pipe elements, all diagonal elements of J f are strictly positive, hence J f > 0.N e x tw e consider the term F J g F T . The diagonal elements of J f are all nonnegative, hence
is a smooth vector field because it is a linear combination of smooth functions of their arguments.
Finally we show thatũ = B∆h p implies that each component ofũ can be controlled independently using one (and only one) of the pump pressures ∆h p at the end-users. To see this, let the jth component in G be the pump at the ith end-user. Using the fact that the ith chord in G is the pipe element of the ith end-user, and that the flow through the ith chord equals the flow through the pump of this enduser, we have q j = q fi . Recall that q = B T q f =(IF) T q f .
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Also remember that at the beginning of the proof we have chosen the first n elements in q g as the pumps at the endusers. As the flow through the pump at the ith end-user equals the flow through the pipe at the same end-user, we can further partition the matrix F in q =( IF ) T q f , to obtain the equality q =( IIF ′ T ) T q f . As all chords in G are pipe elements (and therefore not pumps), we can partition accordingly the vector ∆h p such that
where ∆h e p ∈ R n is the sub-vector of the pressures corresponding to all the pumps at the end-users, and ∆h ′ p is the sub-vector corresponding to the remaining part of the vector ∆h p , i.e. the sub-vector of the pressures delivered by all the remaining pumps in G which are not pumps at the end-users (e.g. boosting pumps). Using this,ũ is given bỹ
(6) As the pressures delivered by the end-user pumps ∆h e p are independent variables, so are the control inputs inũ.T h i s completes the proof.
The control system derived above is completed with a set of measured (and controlled) outputs. This set coincide with the set of the pressures across the user-valves, that is
Assumption 1 is very general and does not state anything about the structure of the distribution network, only about the structure at the end-users. In district heating systems, however, hydraulic networks have additional features to take into account:
Assumption 2: There exists one and only one component called the heat source. It corresponds to a valve 2 of the network, and it lies in all the fundamental loops.
The assumption appears to be very mild. In district heating systems, it is typical to have only one common heat source which has to provide hot water to all the end-users. Hence, the heat source must lie in all the fundamental loops of the network. In what follows, we argue that as a consequence of the assumption the network must necessarily takes a structure as that illustrated in Fig. 3 , and that the following holds:
Lemma 1: Under Assumptions 1 and 2, it is possible to select the orientation of the components of the network in such a way that in the fundamental loop matrix B =(IF),
Proof: Due to space limitation, the proof is omitted. It can be found in [8] .
III. PROPORTIONAL CONTROLLERS FOR PRACTICAL
REGULATION
The main control objective in the system described above is to maintain the pressure drops y 1 ,...,y n to a desired set- 2 The valve models the pressure losses in the secondary side of the heat exchanger of the heat source. point value r (typically, r =0.5[bar]), despite of the values actually taken by the parameters K v1 ,...,K vn .
Before stating the main result of this section we prove a technical lemma which is used in the proof of the main result.
Lemma 2: Under Assumptions 1 and 2,
where from Lemma 1 all the entries of F T are nonnegative. This implies that if q f ∈ R n + , then neces- q h ) ). Now, from the proof of Proposition 1, we know that there must exist a subset of indices
+ . This completes the proof. The control problem is to regulate the outputs y i in (7) of the system (3) to reference values r i > 0.W ew a n tt o control the system using a set of proportional controllers of the following form
where N i > 0 is the controller gain. From (8) it is seen that the controller has an inherent saturation. The saturation is introduced to ensure that the pump pressures never become negative. This precaution is necessary as centrifugal pumps used in the network are not able to deliver negative pressures. The relation between the controller outputs and the pump pressures is described by (6) . In (6), ∆h ′ p is the vector of pressures delivered by the so-called boosting pumps, w h i c ha r ei ng e n e r a lu s e dt oh e l pf u l filling constraints on the relative pressures across the network. Moreover, it is expected that the end-user pumps in general are to small to deliver the pressures necessary to obtain the desired flow. Therefore, both the end-user pumps and the booster pumps must provide the required control effortũ.I ti sa l w a y s possible to find a vector of small positive entries ∆h We assume that the reference values r i ,i∈{ 1, ··· ,n} are known and constant, and can take values in a compact set 3 R n + denotes the positive orthant of R n ,i . e .t h es e t{q f ∈ R n : q fi > 0 ,i=1,...,n}. 4 Here we are implicitly assuming without loss of generality that each column of F is nonzero. In fact, if this were not the case, it would exist an edge in the circuit through which the flow is always zero, no matter what the free flow vector q f is. This means that the edge can be removed, and all the conclusion would still hold. Conference 2009 • Budapest, Hungary, August 23-26, 2009 WeB1.5
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In what follows, the following terminology will be in use: a trajectory is attracted by a set S if it is defined for all t ≥ 0, and it belongs to S for all t ≥ T , with T>0 a finite time. Our control goal is the following: Pressure Regulation Problem. Given system (3) with the outputs (7), a compact set of parameters P, a compact interval of reference values R, a compact set of initial conditions
and an arbitrarily small positive number γ, find controllers on the form (8), such that, for any (K p ,K v ) ∈Pand r ∈R, every trajectory q f (t) of the closed-loop system (3), (7), (8) with initial condition in Q is attracted by the set { ∈ R n : | i |≤γ,i=1, ··· ,n},w h e r e i = y i − r i .
The following proposition is the main result of this section: Proposition 2: For any choice of parameters q M > 0,any compact set R⊂R + , any compact set given (9) , and for any arbitrarily small positive number γ, there exist gains N * i > 0 such that for all N i >N * i ,foranyr ∈R, any trajectory q(t) of the closed-loop system (3)-(8) with initial condition in Q is attracted by the set { ∈ R n : | i |≤γ, i=1, 2,...,n}, where i = y i − r i .
Proof: The interested reader is referred to [8] .
Remark. One can tackle also the case in which the K vi s(i.e. the user demands) are time-varying with bounded derivativeṡ K vi by an appropriate redesign of the gain N i . See [8] . 
IV. EXPERIMENTAL RESULTS
This section presents experimental results obtained using the proposed controllers on a specially designed setup. The setup corresponds to a "small" district heating system with four end-users. Although this number is by far less than the number of end-users expected in real district heating systems, it makes it possible to build an operational setup in a laboratory, and it does cover the main features of a real system. A picture of the test setup is shown in Fig. 4 and a diagram of the hydraulic network underlying the system is shown in Fig. 5 . The design of the piping of the test setup is aimed at simulating the dynamics of a real district heating The results obtained using the proposed controllers. The top plot shows the controlled pressures and the bottom plot shows the control outputs.
system. However, due to physical constraints, the dynamics of the setup are approximately 5 to 10 times faster than the dynamics expected in a real district heating system.
To exemplify the performance of the controller under timevarying demands of the users, the openings of the end-user valves are changed from 20 % to 60 % at time 22 [sec] , and back again to 20 % at time 56 [sec] . The reference pressure for all four controllers is 0. 2 [bar] . The results of the test are illustrated in Fig. 6 , where the top plot shows the controlled pressures at the end-users and the bottom plot shows the control outputs of the controllers.
From the test results it is immediately seen that there is a steady state error between the measured pressures and the reference pressures. This is due to the fact that proportional controllers are used. The steady state errors are, as expected, dependent on the load of the system and thereby on the valve openings. Such steady state errors can be reduced by adjusting the gains of the controllers. From the behaviour Fig. 4 . The system contains four end-user pumps and two booster pumps.
of both the controlled pressures and the controller outputs it is seen that the control systems is stable. This is true even when saturation of the controllers happens when the valves are closing. The oscillation observed in the response is mainly due to the particular implementation of the controllers (restrictions on the sampling time and a delay in the control hardware of the test setup). The experimental outcome validates the conclusions of Proposition 2.
V. CONCLUSIONS
The paper reports on our study of an industrial system distributed over a network. Positive proportional controllers have been proposed to practically regulate the pressure at the end-users and experimental validation of the results has been provided. We plan to extend our findings to the case of proportional-integral controllers ( [11] , [16] , [17] ), and to include constraints on the sign of the flows as well ( [6] ). It is expected that similar results can be obtained relying on passivity arguments. Other research directions will focus on controller redesign when new end-users are added to the network, event-based control of the system ( [4] , [5] , [7] ), and extension of the results to the case of open hydraulic networks ( [3] ).
